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Abstract: In this paper, a sliding mode controller is designed to synchronize a chaotic 
fractional-order system. To construct a corrective control input, a saturation function 
sat(.),  with a modified sliding surface is proposed. Finally, Chaos in the Duffing-Holmes 
system with fractional orders is investigated, and a numerical simulation (synchronizing 
fractional-order Duffing-Holmes _ Duffing-Holmes system) are presented to show the 
effectiveness of the proposed controller.  
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1. INTRODUCTION 
 
Fractional calculus is an old mathematical topic from 
17th century. Nowadays, it has been found that some 
fractional-order dynamic systems such as Chua circuit 
(Hartley et. al., 1995), Duffing system (Arena et. al., 
1997, jerk model (Ahmad and Sprott, 2003), Chen 
system (Lu and Chen, 2006), Lu&dynamic (Lu, 2006), 
Rossler model (Li and Chen, 2006), Arneodo system 
(Lu, 2005) and Newton–Leipnik model (sheu et. al., 
2006) can demonstrate chaotic behaviour. Over the 
past two decades, due to the pioneering work of Ott et 
al. (Ott et. al., 1996), synchronization of chaotic 
systems has become more and more interesting for 
researchers in different area. The problem of 
designing a system, whose behaviour mimics that of 
another chaotic system, is called synchronization. 
Two chaotic systems are generally called drive 
(master) and response (slave) systems respectively. 
Recently, synchronization of chaotic fractional-order 
systems starts to attract increasing attention due to its 
potential applications in secure communication and 
control processing (Matignon, 1996). For example, in 
(Deng and Li, 2005a) chaos synchronization of two 
Lu& systems has been studied. Synchronization of two 
chaotic fractional Chen and Chua systems have been 
presented in (Deng and Li, 2005b; Li et. al., 2006), 
respectively. Variable structure control with sliding 
mode, which is commonly known as sliding mode 
control (SMC), is a nonlinear control strategy that is 
well known for its robust characteristics (Utkin, 
1977). The main feature of SMC is that it can switch 
the control law very fast to drive the states of the 
system from any initial states onto a user-specified 
sliding surface, and to maintain the states on the 
surface for all subsequent time (Utkin, 1977; Phuah 
et. al., 2005). This controller achieves an insensitive 
to parametric uncertainties and external disturbances 
(Ertugrul and Kaynak, 2000; Slotine and Sastry, 
1983) performance. In this paper, a SMC is presented 
to synchronize fractional-order Duffing-Holmes 
chaotic system. 
This paper is organized as follows: 
In second section, Sliding Mode Control is presented 
to synchronize the Fractional-order chaotic system in 
presence of uncertainty. Section 3 is devoted to apply 
the method on Fractional-order Duffing-Holmes 
chaotic system. The work will be simulated using 
®MATLAB 7.4 software. Finally, the result and 
conclusion will be concluded in section 4. 
 
2. SLIDING MODE CONTROL OF FRACTIONAL   
ORDER SYSTEM 
To design a sliding mode controller, a sliding surface 
must be primarily designed. This surface introduces 
the desired dynamic of system and therefore 
completes the movement the sliding control law along 
with the surface. Every outer state will be pulled into 
the surface in finite time. This controller is proposed 
to synchronize a chaotic system with fractional 
     
dynamic.  The chaos synchronization problem means 
making two systems oscillate in a synchronized way. 
Let us call a particular dynamical system as master 
and a different dynamical system as a slave. The goal 
is to synchronize the slave with the master system. In 
order to achieve this synchronization, a nonlinear 
control system that obtains signals from the master 
system and controls the slave system should be 
designed. Let us consider master (equation 1) and 
slave (equation 2) systems with fractional order 
derivative as follows: 
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where T1 2[ , ]X x x= and  
T
1 2[ , ]Y y y= are the states of 
appropriate system in (1) and (2) respectively and 
,0 1q< ≤ . Furthermore, ( , )f Y t is an unknown 
nonlinear function, ( , )f Y tΔ is uncertainty and ( )d t is 
an acting disturbance against the performance of the 
system. The control input ( )u t , is designed via sliding 
mode to perform a tracking task for the slave to 
follow the master.  The sliding mode control will be 
designed according to the following procedure: 
1- To construct a sliding surface that represents a 
desired system dynamics 
2- To develop a switching control law such that 
sliding mode exists on every point of the sliding 
surface, and any states outside the surface are driven 
to reach the surface in a finite time. 
To design the control law ( )u t , the synchronization 
error is defined as: 
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The sliding surface should be designed accordingly 
by: 
(4) 
1 1 2 2( )S t c e c e= + 
where 1c  and 2c will be chosen such that dynamic of 
the sliding surface will be vanished quickly. As soon 
as the state reaches to the surface, it stays there 
forever. This effect is usually called; the sliding mode 
is taken place. At this stage, the dynamic will be 
controlled by the dynamic of sliding mode. Therefore 
1c  and 2c must be designed in such a way the surface 
behaves a desired dynamic (Slotine, 1991). However, 
the sliding mode control will be deigned in two 
phases: 
1. The reaching phase when ( ) 0S t ≠  and 
2. The sliding phase by ( ) 0S t = . 
A sufficient condition for the error to move from the 
first phase to the second is as follows: 
 
(5) ( ) ( ) 0S t S t ≤&  
This condition is called the sliding condition. In the 
sliding phase ( ) 0S t = and ( ) 0S t =& . The following 
equation converts the classic derivative into a 
fractional type.  
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Control signals in the following equation derive the 
dynamic to reach to the sliding surface: 
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Therefore, the equivalent control law is obtained as 
follows: 
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In the reaching phase where ( ) 0S t ≠ and in order to 
satisfy the sliding condition in (5) another correction 
term ( )cu t , will be added to modify the control law 
(switching function). To investigate the stability, a 
proper Lyapunov function should be candidate to 
guarantee the stability. This will be defined as: 
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It should be noted that this function is a positive 
definite. An auxiliary goal is find a Lyapunov 
function with negative sign for the derivative. This 
will be satisfied if equation (10) is met. 
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where sk is a positive constant gain. Meanwhile 
( ( ))sat S t is defined as follows: 
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where ε  is a small parameter. When (10) is 
substituted in the derivative of equation (9), these 
approaches to: 
(12) 
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It is obvious that equation (12) is negative definite. 
Therefore, the selection 0sk > guarantees the 
stability. The fractional derivative of equation (4) 
takes the following form: 
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The control signal using both equations in (10) and 
(13) will be obtained as: 
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where,  
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completes the control law. When sK is defined by 
2
s
s
k
K
c
= the final control is obtained as follows:  
 
(16) ( ) ( ( ))c su t K sat S t=  
Where sK is the switching gain. In following section 
primarily, the chaos will be investigated in factional 
dynamic Duffing–Holmes. The sliding mode control 
will be applied to synchronize the system whilst it is 
perturbed with uncertainty and disturbance.  
 
3. SYNCHRONIZATION OF UNCERTAIN 
FRACTIONAL ORDER DUFFING-HOLMES 
CHAOTIC SYSTEM 
 
3.1. System description 
In (Chang and Yan, 2005) an integer type of chaotic 
Duffing–Holmes is investigated. The chaos will be 
investigated when a fractional dynamic Duffing–
Holmes. This system is considered as follows:  
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(17) 
Phase portrait of dynamic (17) for different values of 
q is shown in Figure (1). Parameters α and β are 
chosen 0.25 and 0.3, respectively. As it can be seen 
when q is reduced the chaos is accordingly reduced 
and the behaviour approaches to an oscillatory 
dynamic. In order to synchronize the fractional 
system in (17), a sliding mode controller will be 
implemented. In this section, the fractional system in 
(17) will be used in a synchronization task as master.  
To do this, Duffing-Holmes system, which is 
perturbed by uncertainty and disturbance, will be 
considered as the slave by the following dynamic: 
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where 2 21 2( , ) 0.1sin( )f Y t t y yΔ = +  and ( ) 0.1sin( )d t t= .  
 
  3.2 Implementation 
A sliding mode controller is implemented to 
synchronize fractional Duffing-Holmes dynamic in 
®MATLAB 7.4 environment. 
Initial conditions of the Master and Slave are 
considered as: 1(0) 0.2x = , 2 (0) 0.2x = and 1(0) 0.1y =  
2 (0) 0.2y = − , respectively. Regarding to equation (8) 
the equivalent control law will be of the following 
form: 
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Replacing equation (19) in (14) results the control 
law, which is as follows: 
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The simulation result is shown in Figure 2 when 
parameters are chosen 1 2 1c c= = and 10sK = . The 
control signal, sliding surface and synchronization of 
states X and Y for 0.98q = are shown in Figure (2, a) 
and (2, b). Those are also shown for different values 
of 0.96q = and 0.9q = in Figures (2.c, 2.d) and (2.e, 
2.f) respectively. It should be noted that the control is 
triggered at 20t s= . The significance of the sliding 
mode control in 3 simulations for different values of q 
is shown during the speed of synchronization of 
Master and Slave. This also verifies the robustness of 
the controller. 
 
4. CONCLUSION 
In this paper, chaos in the Duffing-Holmes system 
with fractional orders is studied whilst a sliding mode 
controller has proposed to synchronize uncertain 
chaotic fractional order systems. It has been shown 
that by a proper selection of the control parameters 
(Ks, c1 and c2) the master, and slave systems are 
synchronized. Finally, the proposed controller was 
     
implemented in fractional order Duffing-Holmes 
system. Numerical simulations show the efficiency of 
the proposed controller in a synchronize task. 
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Figure 1: Phase portrait of Duffing-Holmes system vs. different values of the fraction parameter 
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Figure 2: Synchronization results of Fractional order Duffing-Holmes system  
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